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1 Introduction
Let KG denote the group ring of the group G over the field K. The homomor-
phism ε : KG −→ K given by ε

∑
g∈G
agg

 =∑
g∈G
ag is called the augmentation
mapping of KG. The normalized unit group of KG denoted by V (KG) con-
sists of all the invertible elements of RG of augmentation 1. For further details
and background see Polcino Milies and Sehgal [6].
The map ∗ : KG −→ KG defined by

∑
g∈G
agg


∗
=
∑
g∈G
agg
−1 is an anti-
automorphism of KG of order 2. An element v of V (KG) satisfying v−1 = v∗
is called unitary. We denote by V∗(KG) the subgroup of V (KG) formed by
the unitary elements of KG.
Let char(K) be the characteristic of the field K. In [2], A.Bovdi and A.
Sza´kacs construct a basis for V∗(KG) where char(K) > 2. Also A. Bovdi and
L. Erdei [1] determine the structure of V∗(F2G) for all groups of order 8 and 16
where F2 is the Galois field of 2 elements . Additionally in [3], V. Bovdi and
A.L. Rosa determine the order of V∗(F2kG) for special cases of G. We establish
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the structure of V∗(F2kQ8) to be C2
4k−1 ×Q8 where Q8 = 〈x, y |x
4 = 1, x2 =
y2, xy = y−1x〉 is the quaternion group of order 8.
1.1 Background
Definition 1.1. A circulant matrix over a ring R is a square n × n matrix,
which takes the form
circ(a1, a2, . . . , an) =


a1 a2 a3 . . . an
an a1 a2 . . . an−1
an−1 an a1 . . . an−2
...
...
...
. . .
...
a2 a3 a4 . . . a1


where ai ∈ R.
For further details on circulant matrices see Davis [4].
Let {g1, g2, . . . , gn} be a fixed listing of the elements of a group G. Then
the following matrix:


g1
−1g1 g1
−1g2 g1
−1g3 . . . g1
−1gn
g2
−1g1 g2
−1g2 g2
−1g3 . . . g2
−1gn
g3
−1g1 g3
−1g2 g3
−1g3 . . . g3
−1gn
...
...
...
. . .
...
gn
−1g1 gn
−1g2 gn
−1g3 . . . gn
−1gn


is called the matrix of G (relative to this listing) and is denoted by M(G). Let
w =
n∑
i=1
αgigi ∈ RG where R is a ring. Then the following matrix:


αg1−1g1 αg1−1g2 αg1−1g3 . . . αg1−1gn
αg2−1g1 αg2−1g2 αg2−1g3 . . . αg2−1gn
αg3−1g1 αg3−1g2 αg3−1g3 . . . αg3−1gn
...
...
...
. . .
...
αgn−1g1 αgn−1g2 αgn−1g3 . . . αgn−1gn


is called the RG-matrix of w and is denoted by M(RG,w). The following
theorems can be found in [5].
Theorem 1.2. Given a listing of the elements of a group G of order n there is
a ring isomorphism between RG and the n× n G-matrices over R. This ring
isomorphism is given by σ : w 7→M(RG,w). Suppose R has an identity. Then
w ∈ RG is a unit if and only if σ(w) is a unit in Mn(R).
2
Example 1.3. Let Q8 = 〈x, y |x
4 = 1, x2 = y2, xy = y−1x〉 and κ =
3∑
i=0
aix
i+
3∑
j=0
bjx
jy ∈ F2kQ8 where ai, bj ∈ F2k . Then
σ(κ) =
(
A B
C AT
)
where A = circ(a0, a1, a2, a3), B = circ(b0, b1, b2, b3) and C = circ(b2, b1, b0, b3).
It is important to note that if κ =
3∑
i=0
aix
i +
3∑
j=0
bjx
jy ∈ F2kQ8 where ai, bj ∈
F2k , then σ(κ
∗) = (σ(κ))T .
The next result can be found in [3]
Proposition 1.4. Let K be a finite field of characteristic 2. If Q2n+1 =
〈a, b | a2
n
= 1, a2
n−1
= b2, ab = a−1〉 is the quaternion group of order 2n+1,
then
|V∗(KQ2n+1)| = 4 · |K|
2
n
.
2 The Structure of The Unitary Subgroup of
F2kQ8
Proposition 2.1. Z(V∗(F2kQ8)) ∼= C2
4k where Z(V∗(F2kQ8)) is the center of
V∗(F2kQ8).
Proof. Let v =
3∑
i=0
aix
i+
3∑
j=0
bjx
jy ∈ V where V = V (F2kQ8) and ai, bj ∈ F2k .
CV (x) = {v ∈ V |xv = vx}. Then xv − vx = (b3 − b1)(y) + (b0 − b2)xy +
(b1− b3)x
2y+ (b2− b0)x
3y. If κ =
3∑
l=0
clx
l + d1(y+ x
2y) + d2(xy+ x
3y) where
3∑
l=0
cl = 1 and dj ∈ F2k , then κx = xκ. Thus every element of CV (x) has the
form
3∑
i=0
aix
i + γ1(y + x
2y) + γ2(xy + x
3y) where
3∑
i=0
ai = 1 and γj ∈ F2k .
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Z(V ) is contained in CV (x). Therefore Z(V ) = {α ∈ CV (x) |αv = vα for all v ∈
V }. Let α =
3∑
i=0
aix
i + b1(y+ x
2y) + b2(xy + x
3y) ∈ CV (x) and v =
3∑
l=0
clx
l +
3∑
m=0
dmx
my ∈ V where ai, bj, cl, dm ∈ F2k . Then
σ(α)σ(v) − σ(v)σ(α) =
(
A B
B AT
)(
C D
E CT
)
−
(
C D
E CT
)(
A B
B AT
)
=
(
0 D(A−AT )
E(AT −A) 0
)
where A = circ(a0, a1, a2, a3), B = circ(b0, b1, b0, b1), C = circ(c0, c1, c2, c3),
D = circ(d0, d1, d2, d3) and E = circ(d2, d1, d0, d3), since circulant matrices
commute and B(E −D) = 0 = B(C − CT ).
Therefore σ(α)σ(v) − σ(v)σ(α) = 0 if D(A− AT ) = 0 and E(AT −A) = 0. It
can be shown that D(A−AT ) = 0 and E(AT −A) = 0 iff a1 = a3. Thus every
element of the Z(V ) has the form 1+r+sx+rx2+sx3+ ty+uxy+ tx2y+ux3y
where r, s, t, u ∈ F2k . It can easily be shown that Z(V ) has exponent 2.
Now α∗ = α−1 ⇐⇒ σ(α∗) = σ(α−1)⇐⇒ (σ(α))T = σ(α)−1 ⇐⇒ σ(α)(σ(α))T =
I. Let α = 1 + r + sx + rx2 + sx3 + ty + uxy + tx2y + ux3y ∈ Z(V ) where
r, s, t, u ∈ F2k . Then
σ(α)(σ(α))T =
(
A B
B A
)(
A B
B A
)T
=
(
A2 +B2 0
0 A2 +B2
)
=
(
I 0
0 I
)
where A = circ(1 + r, s, r, s), B = circ(t, u, t, u). Therefore Z(V ) ⊂ V∗(F2kQ8).
Thus Z(V∗(F2kQ8)) = Z(V ) and Z(V∗(F2kQ8)) ∼= C2
4k.
We can now construct the following subgroup lattice of V∗(F2kQ8) :
V∗(F2kQ8)Q8
Q8
Z(V∗(F2kQ8))
Z(V∗(F2kQ8)) ∩Q8 = {1, x
2}
1
Proposition 2.2. Z(V∗(F2kQ8)).Q8 = V∗(F2kQ8).
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Proof. By the second isomorphism theorem Z(V∗(F2kQ8)).Q8/Z(V∗(F2kQ8))
∼= Q8/Z(V∗(F2kQ8)) ∩ Q8. |Q8/Z(V∗(F2kQ8)) ∩ Q8| =
8
2
= 4. Therefore
|Z(V∗(F2kQ8)).Q8| = 4.2
4k = 24k+2. Therefore Z(V∗(F2kQ8)).Q8 = V∗(F2kQ8).
Theorem 2.3. V∗(F2kQ8) ∼= C2
4k−1 ×Q8.
Proof. Z(V∗(F2kQ8)) ∼= C2
4k is a vector space over F2 of dimension 4k. Let
{x1, x2, . . . , x4k = x
2} be a basis for this vector space. Therefore Z(V∗(F2kQ8)) =
〈x1, x2, . . . , x4k〉. LetG = 〈x1, x2, . . . , x4k−1〉, thenG ∼= C2
4k−1 and Z(V∗(F2kQ8)) ∼=
G × 〈x4k〉 ∼= G × 〈x
2〉. Now G ∩ Q8 = {1} and V∗(F2kQ8) = G.Q8, therefore
V∗(F2kQ8) ∼= G ⋊Q8 ∼= G ×Q8 since G < Z(V∗(F2kQ8)). Thus V∗(F2kQ8) ∼=
C2
4k−1 ×Q8.
The authors wish to acknowledge some useful comments made by Mazi Shir-
vani.
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